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corresponding to values at +0.5 𝑆𝐷 and −0.5𝑆𝐷.  In the figure, the values are shown by 

vertical red and blue, lines respectively. Thus, 

 

𝑂𝑅𝑆𝐷 = (𝜑𝐴 𝜑𝑈⁄ )+0.5(𝜑𝐴 𝜑𝑈⁄ )−0.5 

 

Where 𝑥 is the value of the variate, the probability density function 𝜑 is given by: 

 𝜑(𝜇, 𝜎, 𝑥) = 1𝜎√2𝜋 𝑒− 12(𝑥−𝜇𝜎 )2
 

 

 

For the distribution in the unaffected, 𝜇 = 0, 𝜎 =1 𝜑𝑈(0,1, 𝑥) = 11√2𝜋 𝑒− 12(𝑥1)2 

 𝜑𝑈(0,1,−0.5) = 11√2𝜋 𝑒− 12(−0.51 )2
 

𝜑𝑈(0,1,+0.5) = 11√2𝜋 𝑒− 12(+0.51 )2
 

 

Since 𝜑𝑈+0.5= 𝜑𝑈−0.5, 𝑂𝑅𝑆𝐷 =  (𝜑𝐴+0.5) (𝜑𝐴−0.5)  

 

 

For the distribution in the affected, 𝜇 = 𝜇𝐴, 𝜎 =1 

 𝜑𝐴(𝜇𝐴, 𝜎, −0.5) = 11√2𝜋 𝑒− 12(−𝜇𝐴−0.51 )2
 

 𝜑𝐴(𝜇𝐴, 𝜎, +0.5) = 11√2𝜋 𝑒− 12(0.5−𝜇𝐴1 )2
 

 

Thus, 
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𝑂𝑅𝑆𝐷 =  11√2𝜋 𝑒− 12(0.5−𝜇𝐴1 )2   11√2𝜋 𝑒− 12(−𝜇𝐴−0.51 )2 

 

Cancelling  11√2𝜋, 
𝑂𝑅𝑆𝐷 = 𝑒−12 (0.5−𝜇𝐴)2𝑒−12 (−𝜇𝐴−0.5 )2 

 𝑂𝑅𝑆𝐷 = 𝑒[−12 (0.5−𝜇𝐴)2+12 (−𝜇𝐴−0.5 )2] 
 𝑂𝑅𝑆𝐷 = 𝑒−12[ (0.5−𝜇𝐴)2− (−𝜇𝐴−0.5 )2] 
 𝑂𝑅𝑆𝐷 = 𝑒−12[−2𝜇𝐴] 
 𝑂𝑅𝑆𝐷 = 𝑒𝜇𝐴 

 𝜇𝐴 = ln𝑂𝑅𝑆𝐷 

            

 

Also from the figure,  

 𝐷𝑅5 = 1 − ∅(1.645 − 𝜇𝐴) 
 

where ∅ corresponds to the cumulative distribution function (𝐶𝐷𝐹) corresponding to the area 

under the normal distribution among affecteds at a 𝑍-value of 1.645 − 𝜇𝐴. (The 1.645 is the 95th centile of the distribution among unaffecteds, which is the threshold for a 5% false 

positive rate). Because of the symmetry of the normal distribution,  

 𝐷𝑅5 = ∅(𝜇𝐴 − 1.645) 
 

Thus, from equation 2, 

          𝐷𝑅5 = ∅(ln𝑂𝑅𝑆𝐷 − 1.645) 
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By the same argument,  

𝐹𝑃𝑅 = ∅(𝜇𝑈 − 𝑇𝜎𝑈 ) 

 

The 𝑍-score corresponding to the 𝐷𝑅 expressed in terms of the affected distribution is: 

∅−1(𝐷𝑅) = 𝜇𝐴 − 𝑇𝜎𝐴  

 

The 𝑍-score corresponding to the FPR expressed in terms of the unaffected distribution is: 

∅−1(𝐹𝑃𝑅) = 𝜇𝑈 − 𝑇𝜎𝑈  

 

Writing both equations in terms of 𝑇 𝑇 = 𝜇𝐴 − 𝜎𝐴∅−1(𝐷𝑅) 𝑇 = 𝜇𝑈 − 𝜎𝑈∅−1(𝐹𝑃𝑅) 
Thus, 𝜇𝐴 − 𝜎𝐴∅−1(𝐷𝑅) = 𝜇𝑈 − 𝜎𝑈∅−1(𝐹𝑃𝑅) 
 

Making 𝐷𝑅 the subject, 𝜎𝐴∅−1(𝐷𝑅) = 𝜇𝐴 − 𝜇𝑈 + 𝜎𝑈∅−1(𝐹𝑃𝑅) 
∅−1(𝐷𝑅) = 𝜇𝐴 − 𝜇𝑈 + 𝜎𝑈∅−1(𝐹𝑃𝑅)𝜎𝐴  

𝐷𝑅 = ∅(𝜇𝐴 − 𝜇𝑈𝜎𝐴 + 𝜎𝑈∅−1(𝐹𝑃𝑅)𝜎𝐴 ) 

 

Considering the standard normal distribution and assuming equal standard deviation in 

unaffected and affected groups, and 𝜇𝑈 = 0. 
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𝐷𝑅 = ∅(𝜇𝐴1 + 1 ∙ ∅−1(𝐹𝑃𝑅)1 ) 

𝐷𝑅 = ∅(𝜇𝐴 + ∅−1(𝐹𝑃𝑅)) 
 

The area under the ROC curve (AUC), or equivalently the 𝐶-index, is the probability that an 

affected individual drawn at random (𝐴) has a higher polygenic risk score than an unaffected 

individual drawn at random (𝑈) i.e. 𝑃(𝐴 > 𝑈) = 𝑃(𝐴 − 𝑈 > 0) 
The 𝐴𝑈𝐶 is the therefore the CDF for the distribution of differences (the variances sum). 

Thus, 

𝐴𝑈𝐶 = ∅( 𝜇𝐴 − 𝜇𝑈√𝜎𝐴2 + 𝜎𝑈2)  

∅−1(𝐴𝑈𝐶) = 𝜇𝐴 − 𝜇𝑈√𝜎𝐴2 + 𝜎𝑈2 

Given that for the standard normal distribution 𝜇𝑈 = 0 and if we assume equal standard 

deviation for the distributions for affected and unaffected individuals, 𝜎𝑈 = 𝜎𝐴 = 1, 

 

∅−1(𝐴𝑈𝐶) = 𝜇𝐴√2 

 

For example, if the 𝐴𝑈𝐶 is 0.7,  ∅−1(0.7) = 0.524 

Thus,  𝜇𝐴√2 = 0.524 

𝜇𝐴 = 0.524 ∙ √2 𝜇𝐴 = 0.742 

Since, 
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These heights can be calculated using the equation for the Gaussian distribution: 

 

𝐿𝑅 =  1𝜎√2𝜋 𝑒−12 (𝑍𝐴)2   1𝜎√2𝜋 𝑒−12 (𝑍𝑈)2  

 

For example, for a polygenic risk score with a performance metric expressed as an 𝑂𝑅𝑆𝐷 =1.61: 
 𝜇𝐴 = ln𝑂𝑅𝑆𝐷 =  0.48 

 

A polygenic score at the 75th centile of the distribution for unaffected individuals yields,  

 𝑍𝑈 = 0.67; 𝜑𝑈 = 0.32 𝑍𝐴 = 0.2, 𝜑𝐴 = 0.39 𝐿𝑅 = 𝜑𝐴 𝜑𝑈⁄ = 
0.39 0.32⁄  =1.23 

 

If the background odds of disease in the population is 1: 9, an individual whose polygenic 

score is at the 75th centile of the distribution among unaffecteds has an odds of being 

affected of (1.23 × 1): 9 ≈ 1: 7. 
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